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INTRODUCTION

Learning a Bayesian network B = (g, ©) from a data set 2 involves:

PB|D)=P(G,0|D) = PG|D) - PO|G,D).
learning structure learning parameter learning

Assuming complete data, we can decompose P(G | D) into
P(G[D)xP(GP(D|3) = P(9)/P(@ | §,0)P(6 | 5)do
where P(9) is the prior over the space of the DAGs and P(2 | G) is the
marginal likelihood (ML) of the data; and then
N
P9 =][[ [P0 |1y, 0x) P(Ox, | Tix a0, |
i=1

where I, are the parents of X, in G. BIC [9] is often used to approximate
P(D | G). Denote them with Sy (G | 2) and Sg;c(G | D) respectively.



LEARNING A BAYESIAN NETWORK FROM INCOMPLETE DATA

When the data are incomplete, Sy, (G | 2) and Sgc(G | D) areno
longer decomposable because we must integrate out missing values.

We can use Expectation-Maximisation (EM) [4]:

« inthe E-step, we compute the expected sufficient statistics
conditional on the observed data using belief propagation [7, 8, 10];

o in the M-step, we use complete-data learning methods with the
expected sufficient statistics.
There are two ways of applying EM to structure learning:

« We can apply EM separately to each candidate DAG to be scored, as
in the variational-Bayes EM [2].

« We can embed structure learning in the M-step, estimating the
expected sufficient statistics using the current best DAG. This
approachiis called Structural EM [5, 6].

The latter is computationally feasible for medium and large problems,
but still computationally demanding.



THE NODE-AVERAGED LIKELIHOOD

Balov [1] proposed a more scalable approach for discrete BNs called

Node-Average Likelihood (NAL). NAL computes each term using the

D;y € D locally-complete data for which X, IT ;. are observed:
UX; | x,,6x,) = > logP(X, |TIy,,6x,) = E [¢(X, | IIx)],

Iﬂ? | 5

which Balov used to define
SpL(G | D) =€(G,0 | D) —A\,1(G), N, €ERT h:G—R*

and structure learning as G = argmaxg g Spr,(9 | D).

Balov proved both identifiability and consistency of structure learning
when using Spr,(9 | D) for discrete BNs. We will now prove both
properties hold more generally, and in particular that they hold for
conditional Gaussian BNs (CGBNs).



IDENTIFIABILITY (GENERAL)

Denote the true DAG as G, and the equivalence class it belongs to as [G].

Under MCAR, we have:
1. maxgeg £(G,0) = (G, Oy)-
2. 1£0(G,0) = £(Gy, 0p), then P4(X) = Pg (X).

3. 1f G, C G,then £(G,0) = £(Gy, Op).

Identifiability follows from the above.

[Go] is identifiable under MCAR, that is

G, = min {9 cG: 43,0, = %13(3;2(9,@)} .




CONSISTENCY (FOR CGBNS)

From [1], the sufficient conditions for consistency are:

LG, C G190 € o, lim P (Spr(G1 | D) > Spr(92 | D)) = 1.
2. 1850 € §1,91 C Gy, lim P (Spr(G1 | D) > Spr(G2 | D)) = 1.

3.3G: H()‘?_O) C H()‘?_), H()f) = H()?F’), H()‘?) \H()?O) are neither always

observed nor never observed (thus G, must not be a maximal DAG).
Under some regularity conditions, we show when they hold for CGBNs:

Let G, beidentifiable, \,, = 0asn — oo, and assume MLEs and NAL’s
Hessian exist finite. Then asn — oo:
1. IfnA,, — oo, G is consistent.
2. Under MCAR and VAR(NAL) < oo, if v/2A,, — 00, G is
consistent.

3. Under the above and condition 3, if lim inf V/n,, < oo,then Gis
not consistent.




CONCLUSIONS

o InSpc(G | D), nA,, =log(n)/2 — coand
Vvn,, = log(n)/(2v/n) — 0, so BIC satisfies the first condition but
not the second in the main result. Hence BIC is consistent for
complete data but not for incomplete data.

« The equivalent Sy;(G | 2) does not satisfy either condition which
confirms and extends the results in [3]. Hence AIC is not consistent for
either complete or incomplete data.

« How to choose \,, is an open problem.

« Proving results is complicated because

o SpL(G | D) isfitted on different subsets of D for different G, so models
are not nested;

« variables have heterogeneous distributions;

» DAGs that may represent misspecified models [11] are not representable
in terms of G, so minimising Kullback-Leibler distances to obtain MLEs
does necessarily make them vanish as n — oc.



THANKS!

ANY QUESTIONS?
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