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ARROW-RIGHT Informative Graphical Priors

Parameter Estimation with Zero-Inflated Counts



Informative Priors from Annotation Databases

We have much prior information in annotation databases (think KEGG).
Why not use it?

1. Look up the pathways linking your proteins, and construct a
(tentative, possibly partial) a priori network 𝒢𝑝.

2. Define a loss function measuring structural differences from 𝒢𝑝.

3. Place the loss in an energy-based prior a la Imoto et al. [2]:

𝜋 (𝒢) ∝ exp {−𝛽𝐸 (𝒢)} , 𝛽 ∈ ℝ+.

Posterior inference then follows as usual, P (𝒢 ∣ 𝒟) ∝ 𝜋 (𝒢) P (𝒟 ∣ 𝒢).

The question: Which energy function 𝐸(⋅)?



LGE: a Causal Informative Prior

𝜋 (𝒢) ∝ exp {−𝛽 [𝑤S̃HD (𝒢, 𝒢𝑝) + (1 − 𝑤)S̃ID (𝒢, 𝒢𝑝)]}

A local-global prior (LGE) centred on 𝒢𝑝:

• Local: SHD penalises arc-by-arc [5], but not the effect of a misplaced
arc on the causal structure.

• Global: SID penalises differences in interventional pathways [3], but
misplaced arcs arcs may not affect them.

• Hyperparameters: 𝛽 ∈ ℝ+ is a decay parameter, 𝑤 ∈ [0, 1] weights
local against global.

Both on a common scale, so 𝑤 ∈ [0, 1] makes sense:

S̃HD = SHD /|𝐴𝑝| and S̃ID = SID /[𝑁(𝑁 − 1)].



Properties

Normalising constant. Let 𝒢𝑝 = (𝑉 , 𝐴𝑝) with 𝑁 nodes, 𝑃 = 𝑁(𝑁 − 1)/2,
and 𝑞 = exp {−𝛽𝑤/|𝐴𝑝|}. Then, for all 𝛽 ⩾ 0 and 𝑤 ∈ [0, 1],

max {(1 + 𝑞)𝑃−|𝐴𝑝|, 𝑒−𝛽(1−𝑤)(1 + 𝑞)𝑃 } ⩽

𝑍(𝛽, 𝑤) ⩽ min {(1 + 2𝑞)𝑃 , 𝑁! (1 + 𝑞)𝑃 } .

Calibrating 𝛽. Define the ball 𝐵(𝒢𝑝) = {𝒢 ∶ SHD(𝒢, 𝒢𝑝) = 1}, containing
𝑂(𝑁2)DAGs. Inside,𝑤/|𝐴𝑝| ⩽ 𝐸(𝒢, 𝒢𝑝; 𝑤) ⩽ 𝑤/|𝐴𝑝|+2(1−𝑤)/𝑁 .

• 𝜋(𝐵(𝒢𝑝)) ⩽ 𝑟𝜋(𝒢𝑝) ⟹ 𝛽 ⩾ |𝐴𝑝|
𝑤 log |𝐵(𝒢𝑝)|

𝑟 .

• 𝜋(𝐵(𝒢𝑝)) = 𝑝 ⟹ 𝛽 ⩾ |𝐴𝑝|
𝑤 log |𝐵(𝒢𝑝)|

(1−𝑝)/𝑝 .

Calibrating 𝑤. Balanced: 𝑤∗ = 2|𝐴𝑝|
𝑁+2|𝐴𝑝| = 2 ̄𝑑

1+2 ̄𝑑
, where ̄𝑑 = |𝐴𝑝|

𝑁 .



Performance: 𝒢𝑝 is Correct
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Reference: marginal uniform prior [4], enforcing sparsity by controlling
the single-arc inclusion probability.



Performance: 𝒢𝑝 is 50% Wrong
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Reference: marginal uniform prior.
Prior corrupted with 0.5|𝐴𝑝| single-arc operations.



Check Informative Graphical Priors

ARROW-RIGHT Parameter Estimation with Zero-Inflated Counts



Expectation Conditional Maximisation

The reference paper on zero-inflated count DAGs [1] estimates MLEs with
BFGS, gradient and no Hessian, which is numerically unstable.

A better way: expectation-conditional-maximisation (ECM), for a 10x
speedup and 10−1 → 10−3 relative error in the ML because many
numerical optimisations become possible.

1. E-Step: Estimate the structural zero indicators.

2. M-Step:

• Single-step IRLS: logistic regression for the zero-inflation probability.
• Single-step IRLS: GLMmodelling the count process.

Each step increases 𝑄, so the observed-data likelihood converges to the
same stationary point as a full EM like [6].



Hierarchical Estimation

Why estimate the probability of zero-inflation separately for each 𝑋𝑖?
Structural zeros

• appear in blocks along (super-)pathway/group hierarchical lines;

• appear more frequently in some ontology groups than others.

Thus, we can define a pathway-/group-level inactivity prior probability

𝜃𝑝 ∼ Beta(𝜇𝜅, (1 − 𝜇)𝜅)

and a gene-level inactivity prior probability

𝜁𝑖 ∼ Beta(𝜃𝑝𝜅, (1 − 𝜃𝑝)𝜅),

where 𝜅 is a precision parameter and 𝜃 is a position parameter
(𝜃𝑝 → 0 ⇒ 𝜁𝑖 = 0, 𝜃𝑝 → 1 ⇒ 𝜁𝑖 = 1). This shares information across the
genes in a pathway: 𝜁𝑖 shrinks towards 𝜃𝑝 when data are scarce.



Ongoing and Future Work

Many interesting problems that Bayesian statistics is well-suited for!

• Arc types and signs from annotation databases: activation and
inhibition should also be in the prior.

• Hierarchical grouping: modelling functional groups and omic types in
addition to pathways.

• Data naturally modelled with parametric distributions for
zero-inflated count data with over-dispersion.

• Much of the literature still has low scalability and no uncertainty
quantification.
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That's all!

Happy to discuss in more detail.

scutari@bnlearn.com
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